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INTRODUCTION
We consider the system of differential equations with piecewise constant
argument of the form
w xx9 t s B t x t q f t , x t , y t .  .  .  . .  .
1 .
w xy9 t s A t y t q C t y t q g t , x t , y t , .  .  .  .  .  . .  .
 . w x  .where t g R s y`, ` , ? denotes the greatest integer function, B t is a
 .  .r = r continuous matrix for t g R, A t , C t are k = k continuous
matrices for t g R, and f : R = R r = R k ¬ R r, g : R = R r = R k ¬ R k are
continuous functions on R = R r = R k, small Lipschitzian in x and y.
  .  .. r kA pair of functions x t , y t , x: R ¬ R , y: R ¬ R is a solution of
 .1 if the following conditions are satisfied:
 .  .  .i The functions x t , y t are continuous on R.
 .  .  .ii The derivatives x9 t , y9 t exist on R except possibly at the
 4points t s n, n g Z s . . . , y1, 0, 1, . . . where one-sided derivatives exist.
 .  .  .  . w .iii x t , y t satisfy 1 on every interval n, n q 1 , n g Z.
< <In what follows we denote by ? the Euclidean norm.
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We say that the linear differential equation
y9 t s A t y t , t g R, 2 .  .  .  .
 .where A t is a k = k continuous matrix for t g R, has an exponential
 2 .dichotomy on R if there exist a projection P P s P and constants
K G 1, a ) 0 such that
y1 ya tys.Y t PY s F Ke , t G s .  .
3 .
y1 ya syt .Y t I y P Y s F Ke , s G t , .  .  .k
 .  .  .where Y t is the fundamental matrix solution of 2 such that Y 0 s I ,k
I is the k = k identity matrix, and t, s g R.k
r k  .A function ¨ : R = R ¬ R determines an integral manifold for 1 if
the following statements are true:
 . ri ¨ is continuous and bounded on R = R .
 .  .ii For any solution x t of the differential equation
w xx9 t s B t x t q f t , x t , ¨ t , x t .  .  .  . .  . .
 .   ..  .  .  .we have that x t , ¨ t, x t is a solution of 1 . Moreover if x t , y t is a
 .  <  . < 4  .   ..solution of 1 with sup y t , t g R - ` it follows that y t s ¨ t, x t ,
t g R.
w x  .In Proposition 1 of 8 under some conditions on the matrices A t ,
 .  .  .  .  .B t , C t and the functions f t, x, y , g t, x, y and assuming that 2 has
 .an exponential dichotomy 3 we have proved that there exists an integral
 .  .manifold ¨ t, x for 1 . Now in this paper using some more conditions we
prove that there exists a continuous function on R = R r = R k which
 .defines an homeomorphism of the x, y space for each t g R, sending the
 .solutions of 1 into the solutions of the linearized system
w xx9 t s B t x t q f t , x t , ¨ t , x t .  .  .  . .  .
4 .
y9 t s A t y t . .  .  .
We note that the linearization near the integral manifold for the system
 .  .  . w x1 where B t s 0, C t s 0, t g R has been studied in 3 .
w xWe also note in the papers 2, 5]9, 11, 12 and in the references cited
therein there has been a lot of work concerning differential equations with
 .piecewise constant argument EPCA . These equations describe hybrid
 .dynamical systems a combination of continuous and discrete and so
combine properties of both differential and difference equations. They
 w x.also have applications in certain biomedical models see 1 .
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MAIN RESULTS
We prove now our main results. We need four lemmas.
w xUsing Lemma 1 of 9, pp. 162]163 we can easily obtain the following
lemma which concerns existence, uniqueness, and continuous dependence
 .on the initial values of the solutions of the system 1 .
 .  .  .LEMMA 1. Suppose that B t is an r = r continuous matrix and A t , C t
are k = k continuous matrices such that for all t g R the following relations
are satisfied:
A t F M , B t F d , C t F d , .  .  .
M G 1, 0 - d - MeyM . 5 .
Let also f : R = R r = R k ¬ R r, g : R = R r = R k ¬ R k be continuous func-
tions on R = R r = R k such that for all t g R, x , x g R r, y , y g R k,1 2 1 2
i
< < < <f t , x , y y f t , x , y F p x y x q y y y , 0 - p - .  .  .1 1 2 2 1 2 1 2 2
6 .
i
< < < <g t , x , y y g t , x , y F q x y x q y y y , 0 - q - , .  .  .1 1 2 2 1 2 1 2 2
7 .
where
M y d e M
i s .M M 2 Me M y d e q e M q d . .
r k  .Then for e¨ery § g R, j g R , l g R system 1 has a unique solution
 .  .  .  .x t s x t, § , j , l , y t s y t, § , j , l , t g R such that
x § s j , y § s l. 8 .  .  .
 .  .  .Moreo¨er x t, § , j , l , y t, § , j , l are continuous in t, § , j , l .
Let E be a vector space and F: R ¬ E be a function. Then in what
follows we denote
q b t q5 5 wF s sup F t e , t g R s 0, ` , 4 . .
y yb t y5 5F s sup F t e , t g R s y`, 0 , .  4
b t5 5F s sup F t e , t g R , 4 .
where b is a positive constant.
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LEMMA 2. Consider the equation
w xx9 t s B t x t q h t , x t , t g R, 9 .  .  .  . .  .
 .where B t is an r = r continuous matrix such that for all t g R
e b y 1
B t F d , 0 - d - , b ) 1 10 .  .2 b2 e
and h: R = R r ¬ R r is a continuous function on R = R r. Let also k :
R = R r ¬ R r be a continuous function on R = R r such that for all x , x g1 2
R r, t g R
b e b y 1 y 2d e2 b .
< <k t , x y k t , x F p x y x , 0 - p - . .  .1 2 1 2 b b2 e 3e y 1 .
11 .
 .  .Suppose that there exists a solution x t of 9 such that
b t qsup h t , x t y k t , x t e , t g R - `. 12 4 .  .  . .  .
Then the equation
w xz9 t s B t z t q k t , z t , t g R 13 .  .  .  . .  .
 .has a unique solution z t such that
5 5qx y z - `. 14 .
 .  .  .  .  .Moreo¨er assume that h t, x s h t, x, z , k t, x s k t, x, z , x t s
 .  .  .x t, z where z belongs to an Euclidean space E , h t, x, z , k t, x, z are
 .  .  .continuous in t, x, z , x t, z is continuous in t, z , the constant p defined
 .  .in 11 is independent of z , and 12 holds uniformly with respect to z . Then
 .  .  .  .  .the solution z t s z t, z of 13 satisfying 14 is continuous in t, z .
Proof. Let C be the set of all continuous functions z: Rq¬ R r such
5 5qthat x y z - `. We define the operator T on C as
t t w xTz t s I q B u du a q k u , z u du, t g R, n s t .  .  . .H Hr n /n n
15 .
`
sq1
a s x y B u du z y x q k y h , 16 .  .  . Hn n s s s s / /sssn
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where
sq1 sq1
h s h u , x u du, k s k u , z u du .  . .  .H Hs s
s s
and I is the r = r identity matrix.r
 .  .Since x t is a solution of 9 it follows that
t t w xx t s I q B u du x q h u , x u du, t g R, n s t . .  .  . .H Hr n /n n
17 .
 .  .  .  .  .  .Therefore from relations 10 , 11 , 12 , 15 , 16 , and 17 it follows that
5 5q w xTz y x - `. Moreover arguing as in 8, p. 85 we can prove that Tz is a
continuous function. So Tz is in C.
 .  .  .  .Let z, z g C. Then relations 10 , 11 , 15 , and 16 imply that T is a
contraction on C and so there exists a unique z g C such that Tz s z.
 .  .  .  .Therefore using 15 and 16 we can prove that z t is a solution of 13
q  .  .  .for t g R which satisfies 14 . Since 10 , 11 hold then from Lemma 1
w x  .  .  .of 8, p. 77 , z t is a solution of 13 for t g R such that 14 is satisfied.
 .  .  .We prove that z t is the unique solution of 13 satisfying 14 . Suppose
1 . 2 .  .on the contrary that there exist two solutions z t , z t of 13 which
 . i .satisfy the corresponding relation 14 . Since z t , i s 1, 2 are solutions of
 . q w x13 we have for t g R , n s t
t ti i iz t s I q B u du z q k u , z u du, 18 .  .  .  . .H Hr n /n n
where z i , i s 1, 2 satisfyn
nq1i i iz s L z q k , L s I q B u du, .Hnq1 n n n n r
n
nq1i ik s k u , z u du, i s 1, 2, n g N. .Hn
n
Suppose m, n g N and m ) n. Then it follows that
my1
i i i iz s z q I y L z y k , i s 1, 2. 19 .  . .n m r s s s
ssn
 .  . w xUsing 11 , 19 , and the same argument as in Lemma 3 of 4, p. 281 we
1 2  .can prove z s z , n g N. So from 18 it follows thatn n
t1 2 1 2 qz t y z t s k u , z u y k u , z u du, t g R . 20 .  .  .  .  . .  .H
n
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 .  . 5 1 2 5q y1 5 1 2 5qThen 11 and 20 imply that z y z F peb z y z and so using
 .  . 1 . 2 . 5 1 2 5q11 and the corresponding relation 14 for z t , z t we get z y z
1 . 2 . q  .  .s 0. Hence z t s z t , t g R . Since 10 , 11 hold then from Lemma
w x 1 . 2 .  .1 of 8, pp. 77]79 we take z t s z t , t g R. Therefore z t is the
 .  .unique solution of 13 which satisfies 14 .
 .  .  .Suppose now that h t, x, z , k t, x, z are continuous in t, x, z , t g R,
r  .  .x g R , z g E and x t, z is continuous in t, z . Let C be the set of all
q r q  <  .functions z: R = E ¬ R continuous in R = E such that sup x t, z y
 . < b t q 4  .z t, z e , t g R , z g E - `. We define the operator T on C by 15
 .  .  .  .   ..   . .and 16 where z t s z t, z , a s a z , k u, z u s k u, z u , z , xn n n
 .  .  .   ..   . .s x z , k s k z , h s h z , h u, x u s h u, x u , z . Then arguingn s s s s
 .as above we can easily prove that there exists a unique solution z t, z of
 .  .  . q13 satisfying 14 which is continuous in t, z , t g R , z g E. Further-
 .  . wmore since 10 , 11 hold then arguing as in the proof of Lemma 1 of 8,
x w x  .pp. 77]79 and Lemma 1 of 9, pp. 162]163 we take that z t, z is
 .continuous in t, z , t g R, z g E. This completes the proof of the lemma.
We need the following definition.
Consider the difference equation
w s R w , n g Z, 21 .nq1 n n
 .R is a k = k invertible matrix for n g Z. We say that 21 has ann
 2 .exponential dichotomy on Z if there exist a projection Q Q s Q and
constants L G 1, b ) 0 such that
y2 b < nym <G n , m F Le , .
y1 22 .W QW , n G mn mG n , m s . y1 yW I y Q W , m ) n , .n k m
 .where n, m g Z, W is the fundamental matrix solution of 21 such thatn
W s I .0 k
We define
ty1 y1D t s Y t Y q Y u C u du , D n q 1 s R , .  .  .  .  .Hn n /n
n - t F n q 1, n g Z. 23 .
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Let x: R ¬ R r, y: R ¬ R k be continuous functions. Then for n - t F n
q 1, n g Z we set
l t s D t b n q g t , .  .  .  .x y x y x y
t y1g t s Y t Y u g u , x u , y u du, .  .  .  .  . .Hx y
n 24 .
`
b n s G n , s q 1 g s q 1 . .  .  .x y x y
ssy`
 .  .  .LEMMA 3. Let B t be an r = r continuous matrix; A t , C t be k = k
 .  .continuous matrices such that 2 has an exponential dichotomy 3 with
 .  .a ) 2; 5 , 10 hold; and for all t g R
1 1 ey2 b
yMC t F d , 0 - d - Me d , d s min , 25 .  .1 1  52 K f a f e .  .
 .where K, a are defined in 3 , e is a constant, 0 - e - a, 2b s a y e , and
q  .  t .  t .f : R ¬ R is the function f t s e q 1 r e y 1 .
Suppose also that f : R = R r = R k ¬ R r is a continuous function such that
 .  .6 holds and the constant p satisfies the second relation in 11 . Finally let g :
R = R r = R k ¬ R k be a continuous function such that for all t g R,
x g R r, y g R k
g t , x , y F m , m ) 0 26 .  .
 .and 7 holds with
bM 2
y10 - q - min h , , 27 .M2 Mqe 2 b 5L M q d e e q 2bf 2b .  . .
Mq b 2 Mq2 b .  .  . .  . where h s 1 q c e r M q b q Le M q d 1 q c f b rM M
. 2 bqp . b . p.  .  b b .2q b , c s e 1 q d e y 1 1 q pe p 1 y u rb e y u e y 1 q
pqb  . p  e . ye .y1pe rb , u s d q p 1 q d e , L s 2 K 1 q e 1 y e .
 .  .  .  . r kLet x t s x t, § , j , l , y t s y t, § , j , l , t, § g R, j g R , l g R be
 .  .  .the solution of 1 satisfying 8 and let s t, z , z belonging to a ¨ector space
E , be a solution of the equation
w xy9 t s A t y t q C t y t 28 .  .  .  .  . .
 .  .  .which is continuous in t, z . Then for e¨ery solution x t s x t, § , j , l ,
 .  .  .y t s y t, § , j , l of 1 such that
qsup y t y s t , z , t g R , z g E - ` 29 4 .  .  .
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 .  .  .  .there exists a unique solution x t s x t, § , j , l, z , c t s c t, § , j , l, z
 .  .of 1 which is continuous in t, § , j , l, z and the following relations are
satisfied:
q5 5x y x - `, sup c t y s t , t g R - `. 30 4 .  .  .
w x  .  .Proof. Arguing as in 8, pp. 83]84 , Eq. 21 where R is defined in 23n
 .  .  .has an exponential dichotomy 22 where b , L are defined in 25 and 27 ,
respectively.
First we fix § , j , l, z . Let G be the space of all continuous functions c :
R ¬ R k such that
q5 5c y y - `, sup c t y s t , t g R - `. 31 4 .  .  .
 .Let c g G. Then from 6 we have
b t qsup f t , x t , y t y f t , x t , c t e , t g R - `. 4 .  .  .  . .  .
Therefore from Lemma 2 the equation
w xx9 t s B t x t q f t , x t , c t .  .  .  . .  .
 .has a unique solution x t such thatc
5 5qx y x - `. 32 .c
Now we define the operator H on G as
H c t s s t q l t , t g R, 33 .  .  .  .x cc
 .  .  .  .where the function l t is defined in 24 , and Y t , G n, m are definedx y
 .  .in 3 and 22 , respectively.
w xUsing the same argument as in 8, p. 85 we can easily prove that H c is
 .  .  .  .  .continuous at t g R. Moreover from 5 , 22 , 25 , 26 , 33 , we obtain
y2 M MH c t y s t F M e m M q Le M q d f 2b , t g R. .  .  .  . .
34 .
 .  .  .  .  .  .Moreover we have H c t y y t s H c t y s t q s t y y t and so
 .  .using 29 and 34
¨ t s H c t y y t .  .  .
is a bounded solution on Rq of the equation
w x¨ 9 t s A t ¨ t q C t ¨ t q h t , .  .  .  .  . .
h t s g t , x t , c t y g t , x t , y t , t g Rq. .  .  .  .  . . .c
LINEARIZATION NEAR INTEGRAL MANIFOLDS 325
w x  .From Proposition 1 of 5, p. 492 , ¨ t has the form
q w x¨ t s D t ¨ q g t y g t , t g R , n s t , 35 .  .  .  .  .n x c x yc
 .  .  .  .where D t and g t are defined in 23 and 24 , respectively. Since ¨ isx y n
a bounded solution on N of the difference equation
¨ s R ¨ q h , h s g n q 1 y g n q 1 , n g N, .  .nq1 n n n n x c x yc
w xfrom Theorem 2 of 10, p. 340 we get
`
¨ s W Q¨ q G n , s q 1 h , n g N. 36 .  .n n 0 s
ss0
 .  .  .  .  .  .  .Then from 5 , 7 , 22 , 31 , 32 , 35 , and 36 we can prove that
5 5q¨ - `. 37 .
 .  .Therefore relations 34 , 37 imply that H c is in G.
Let now c , c g G. We define the metric d: G ¬ Rq as follows:1 2
 . 5 5d c , c s c y c . We prove that H is a contraction on G. Using the1 2 1 2
 .same argument to prove 32 we can find the functions x , x such thatc c1 2
5 5q  .  .x y x - `, i s 1, 2. From 5 , 6 , and arguing as in the proof ofc i w xLemma 2 we obtain for t g R, n s t
x t y x t .  .c c1 2
F 1 q d x n y x n .  .  .c c1 1
t
q p x u y x u q c u y c u du 38 .  .  .  .  .H  /c c 1 21 2
n
x n y x n .  .c c1 2
`
F d x s y x s .  . c c1 2
ssn
sq1
qp x u y x u q c u y c u du . 39 .  .  .  .  .H  /c c 1 21 2 /s
 . <  .  . <Then if n t s x t y x t , t g R and applying the Gronwall's Lemmac c1 2
 .to 38 we get
p y1 p yb n 5 5 w xn t F e 1 q d n q pb e e c y c , t g R, n s t . 40 .  .  .n 1 2
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 .  .  .  .Furthermore relations 10 , 11 , 39 , and 40 imply that
b p yb n `pe 1 q pe e u .
5 5n F c y c q n , 41 .n 1 2 sb 1 y u1 y u b e y 1 .  . ssnq1
 . 5 5where u is defined in 27 . Moreover since x y x - `, i s 1, 2, itc i
5 5  .  .follows that x y x - `. Then using 10 , 11 we can apply Lemma 2c c1 2w x  .of 4, p. 278 to 41 and so we get for n g Z
2 b b pe y e p 1 q pe 1 y u .  .  .
b n 5 5x n y x n e F c y c . 42 .  .  .c c 1 221 2 b bb e y u e y 1 .
 .  .  .  .  .  .  .Hence relations 5 , 7 , 22 , 27 , 33 , 40 , and 42 imply that H is a
contraction on G. So there exists a unique solution c g G such that
 .  .  .  .  .  .H c t s c t , t g R. Hence from 33 we have that x t , c t , x t s
 .  .  .x t is the solution of 1 such that 30 holds.c
 .  .  .  .We prove now that x t , c t is the unique solution of 1 such that 30
 .  .  .is satisfied. Suppose that there exists another solution x t , c t of 11 1
 .such that the corresponding relations 30 are satisfied.
First we claim that
5 5c y c - `. 43 .1
To prove our claim we consider the equation
qw x¨ 9 t s A t ¨ t q C t ¨ t q h t q F t , ¨ t , t g R , 44 .  .  .  .  .  .  . .  .
where
h t s g t , x t , c t y g t , x t , c t , .  .  .  .  . .  .1 1 1
F t , ¨ s g t , x t , c t q ¨ y g t , x t , c t . .  .  .  .  . .  .
 .  .  .  .Using 7 and the corresponding relation 30 for x t , c t we get for1 1
t g Rq, ¨ , ¨ g R k1 2
q yb t5 5 < <h t F q x y x e , F t , ¨ y F t , ¨ F q ¨ y ¨ , .  .  .1 1 2 1 2 45 .
F t , 0 s 0. .
 .  .  .It is obvious that the function c t y c t is a bounded solution of 44 .1
 .  .  .  .  .  .Then since 5 , 7 , 22 , 25 , 27 , and 45 hold, by an easy generalization
w x 5 5qof Proposition 3 of 5, p. 496 we can prove that c y c - `. Hence it1
 .is obvious that 43 holds and so our claim is proved.
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 .  .Since c t y c t is a solution of the equation1
w x¨ 9 t s A t ¨ t q C t ¨ t q g t , x t , c t .  .  .  .  .  . .  .1 1
yg t , x t , c t , t g R .  . .
 .such that 43 holds, then using the same argument to prove that H is a
 .  .contraction we can easily prove that c t s c t , t g R and so from the1
 .  .  .  .  .  .corresponding relations 40 , 42 for x t , x t , c t , c t we can prove1 1
 .  .  .  .  .that x t s x t , t g R. Therefore x t , c t is the unique solution of 11
 .satisfying 30 .
w xUsing now Lemma 2 of 9, p. 165 , Lemma 2, and the same argument as
w x  .  .in 3, p. 252 we can prove the continuity of x t, § , j , l, z , c t, § , j , l, z
 . r kin t, § , j , l, z , t, § g R, j g R , l g R , z g E. Thus the proof of the
lemma is completed.
 .LEMMA 4. Consider system 1 where all the conditions of Lemma 3 are
 .  .  .  .satisfied. Then for any solution x t s x t, § , j , l , y s y t, § , j , l of 1
Ã .  .  .  .satisfying 8 there exists a unique solution x t , c t of 1 such thatÃ
yqÃ 5 5sup c t , t g R - `, x y x - `, and . 4 Ã
46 .
Ãsup c t y y t , t F 0 - `. .  . 4
Ã .  .  .We also ha¨e that the functions x t , c t are continuous in t, § , j , l .Ã
 .  .  .  .Proof. We consider a solution x t s x t, § , j , l , y t s y t, § , j , l of
 .  .  .  .1 such that x § s j , y § s l. We define the function s t for t g R,
w xn s t as
ny1
y1 y1s t s D t s , s s W QW y y W QW g s q 1 , .  .  .n n n n n n sq1 x y /
ssy`
47 .
 .   ..  .   ..where D t resp. g t is defined in 23 resp. 24 and W is definedx y n
 .in 22 .
 .We can easily prove that s is a solution of Eq. 21 where R isn n
 .  .  .defined in 23 . Therefore using 47 it follows that s t is a solution of
 .Eq. 28 .
 .From 47 we get
y t y s t s D t y y s q g t . 48 .  .  .  .  .  .n n x y
GARYFALOS PAPASCHINOPOULOS328
 .Moreover from 47 we obtain
ny1
y1 y1y y s s W I y Q W y q W QW g s q 1 . 49 .  .  .n n n k n n n sq1 x y
ssy`
Since now y is a solution of the difference equation u s R u q g nn nq1 n n x y
.q 1 , n g N we can easily prove
W I y Q Wy1 y sW I y Q y .  .n k n n n k 0
y1 50 .
y1y W I y Q W g s q 1 , n F 0, .  . n k sq1 x y
ssn
ny1
y1 y1W QW y s W Qy q W QW g s q 1 , n G 0. 51 .  .n n n n 0 n sq1 x y
ss0
 .  .  .  .  .Using 5 , 22 , 26 , 49 , and 50 we can prove that y y s is boundedn n
 .  .  .for n F 0 and so from 5 , 26 , and 48 we get
sup y t y s t , t F 0 - `. 52 4 .  .  .
Ã .  .Then arguing as in Lemma 3 there exists a unique solution x t , c t ofÃ
 .  .1 which is continuous in t, § , j , l such that
y Ã5 5x y x - `, sup c t y s t , t g R - `. 53 .  .  . 4Ã
 .  .  .  .  .Then from 5 , 22 , 26 , 47 , and 51 we get
sup s t , t G 0 - `. 54 4 .  .
Ã .  .  .  .  .Therefore from 52 , 53 , and 54 we can prove that x t , c t satisfyÃ
 .46 .
 .  .  .Consider now that there exists another solution x t , y t of 1 satisfy-1 1
 .  .  .  .  .ing the corresponding relations 46 for x t , y t . Then from 52 , 54 ,1 1
 .  .  .  <  .and the corresponding relations 46 for x t , y t we take sup y t y1 1 1
 . < 4  .s t , t g R - `. Therefore using 53 and the same argument to prove
Ã .  .  .  .the uniqueness in Lemma 3 we take x t s x t , y t s c t , t g R. ThisÃ1 1
completes the proof of the lemma.
We prove now our main result.
 .PROPOSITION 1. Consider system 1 where all the conditions of Lemma 3
are satisfied. Moreo¨er suppose that the constant d satisfies the relation
y10 - d - min e M , d p , 55 . 41 1
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 . Mq 1 .y1 Mwhere e is a constant 0 - e - 1, p s M q 2 e q 1 e , d is1 1 1
 .defined in 25 , and the constant q satisfies the relation
M 2 e b y 1 eyM .
q - min ,
b Mq2 b N q 1 M e y 1 q 3L M q d e .  .  . .3
1 MeyM
, , 56 .52g v M q d q 2 N q e p q 1 .  .2
y1bqt d b2N s pe 1 q t d 1 q d 1 q pe e , d s e y 1 , .  .  . .3 2
M y2 Mq2 bg s N e M M q Le M q d f b , .  . .1
v s Le MMy1 1 q 2 pe f 2b q 2 pN e2 bf b , .  .  . .2
N s t 2 1 q d e1qd2t , N s N 1 q 2 pe 1 q by1ty1 , .  .  .1 2 1
y1
t s 1 y d y 2 pe 1 q d . . .
Then there exists a continuous function D: R = R r = R k ¬ R r = R k
D t , x , y s D t , x , y , D t , x , y , t g R, x g R r , y g R k , .  .  . .1 2
 .  .  .   .  ..such that if x t , y t is a solution of 1 then D t, x t , y t s
   .  ..   .  ...  .D t, x t , y t , D t, x t , y t is a solution of 4 . Moreo¨er for each1 2
 . r kt g R, D x, y is a homeomorphism on R = R so that ift
H t , x , y s Dy1 x , y s H t , x , y , H t , x , y , .  .  .  . .t 1 2
t g R, x g R r , y g R k
 .  .  .   .  ..  .then for any solution z t , w t of 4 , H t, z t , w t is a solution of 1 .
  .  ..  .Moreo¨er if x t , y t is a solution of 1 such that
q ysup y t , t g R - ` resp. sup y t , t g R - ` 57 4  4 .  .  . .
then we ha¨e
qsup D t , x t , y t , t g R - ` .  . 4 .2
yresp. sup D t , x t , y t , t g R - ` . 58 .  .  . 4 . .2
 .  .  .  .Proof. Let x t , y t be a solution of 1 which satisfies 8 . Then from
Ã .  .  .  .Lemma 4 there exists a unique solution x t , c t of 1 such that 46Ã
Ã .  .  .holds. Therefore we can apply Lemma 3 to the solution x t , c t of 1Ã
 .  .and the solution s t s 0 of 28 and so there exists a unique solution
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 .  .  .z t , w t of 1 such that1
q5 5z y x - `, sup w t , t g R - `. 59 4 .  .Ã 1
 .  .  .Using 5 , 22 , 26 we can prove that
w xw t s y t y l t , t g R, n s t , .  .  .x y
 .  .  .where l t is defined in 24 , is a solution of Eq. 28 such thatx y
sup w t y y t , t g R - `. 60 4 .  .  .
w x  .From Lemma 2 of 9, p. 165 we have that w t is the unique solution of
 .  .28 such that 60 holds.
We define
T § , j , l s z § , T § , j , l s w § , § g R, j g R r , l g R k . .  .  .  .1 2
Ã Ã .   .  ..  .  .From Lemma 3, z § is continuous in § , x § , c § and x § , c § areÃ Ã
 .  .  .  .continuous in § , j , l and so z § is continuous in § , j , l . Also w § is
 .continuous in § , j , l . It holds
T t , x t , y t s z t , T t , x t , y t s w t , t g R. .  .  .  .  .  . .  .1 2
 .Since now the conditions of Lemma 3 and 56 hold then from Proposi-
w x  . ktion 1 of 8, p. 86 there exists an integral manifold ¨ t, x , t g R, x g R
 .  .  .  .  .for 1 . Moreover z t , w t is a solution of 1 such that 59 is satisfied.1
 .   ..  .  .Hence it follows that w t s ¨ t, z t , t g R. Therefore z t , w t is a1
solution of the system
w xz9 t s B t z t q f t , z t , ¨ t , z t .  .  .  . .  . .
61 .
w xw9 t s A t w t q C t w t . .  .  .  .  .
 .  .  .  .Conversely let z t , w t be a solution of 61 such that z § s j ,
 .  .  .w § s l. Using 5 , 22 we can prove that
y1s t s D t s , s s W QW w 62 .  .  .n n n n n
q  .is a bounded solution on R of the linear equation 28 . Then since
 .   ..  .  <  .   .. < 4z t , ¨ t, z t is a solution of 1 and sup s t y ¨ t, x t , t G 0 - `, we
 .   ..  .can apply Lemma 3 to the solution z t , ¨ t, z t of 1 and the solution
 .  .  .  .  .s t of 28 and so there exists a unique solution z t , w t of 1 such thatÄ Ä
q5 5z y z - `, sup w t y s t , t g R - `. 63 4 .  .  .Ä Ä
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<  .  . < <  .  . < <  .  . <Moreover from the relations w t y w t F w t y s t q s t y w t ,Ä Ä
 .  .  .  .5 , 22 , 62 , and 63 we obtain
sup w t y w t , t F 0 - `. 64 4 .  .  .Ä
 .Using 64 we can apply an easy version of Lemma 3 to the solution
 .  .  .  .  .z t , w t of 1 and the solution w t of 28 . Hence there exists a uniqueÄ Ä
 .  .  .solution x t , y t of 1 such that
y5 5z y x - `, sup y t y w t , t g R - `. 65 4 .  .  .Ä
We define
S § , j , l s x j , S § , j , l s y l , § g R, j g R r , l g R k .  .  .  .1 2
and so
S t , z t , w t s x t , S t , z t , w t s y t , t g R. .  .  .  .  .  . .  .1 2
We prove now that
T (S s S (T s the identity, t g R. 66 .t t t t
 .  .  .Let x t , y t be a solution of 1 and
z t s T t , x t , y t , w t s T t , x t , y t , t g R. .  .  .  .  .  . .  .1 2
Consider also
x t s S t , z t , w t , y t s S t , z t , w t , t g R. .  .  .  .  .  . .  .1 2
We show that
x t s x t , y t s y t , t g R. 67 .  .  .  .  .
Ã .  .  .  .  .Let x t , c t be the solution of 1 which corresponds to x t , y t byÃ
 .  .  .Lemma 4 and z t , w t be the solution of 1 which corresponds toÄ Ä
 .   ..z t , ¨ t, z t by Lemma 3. We claim that
Ãx t s z t , c t s w t , t g R. 68 .  .  .  .  .Ã Ä Ä
 .  .  .  .  .  .  .  .  . <  .From 5 , 22 , 26 , 47 , 53 , 59 , 60 , 62 , and 63 and since w t yÄ
Ã Ã . < <  .  . < <  .  . < <  .  . <c t F w t y s t q s t y s t q s t y c t , t g R we can proveÄ
that
q Ã5 5x y z - `, sup w t y c t , t g R - `. 69 .  .  . 4Ã Ä Ä
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 .Hence from 69 and using the same argument to prove the uniqueness in
 .Lemma 3 we can take the relation 68 . So our claim is proved.
 .  .  .  .  .Now we prove that 67 holds. From 46 , 60 , 68 , 65 in which instead
 .   ..  .   ..of x t resp. y t we have x t resp. y t , we can prove
y5 5x y x - `, sup y t y y t , t g R - `. 70 4 .  .  .
 .Then using 70 and the same argument to prove the uniqueness in
 .Lemma 3 we can prove that 67 holds from which it follows that S (T st t
the identity, t g R. Similarly we can prove T (S s the identity, t g R.t t
 .Hence 66 is satisfied.
 . w xFurthermore since 55 holds then from Proposition 4 of 7, p. 245 there
exists a function F: R = R k ¬ R k such that:
 . ki F is continuous on R = R ,
 .  . kii for each t g R, F y is a homeomorphism on R ,t
 .  . y1 . kiii the function E t, y s F y is continuous on R = R ,t
 .  .  .   ..  .iv if y t is a solution of 28 then F t, y t is a solution of 2 .
We define
D t , x , y s T t , x , y , F t , T t , x , y , .  .  . . .1 2
H t , x , y s S t , x , E t , y , S t , x , E t , y , .  .  . .  . .1 2
where t g R, x g R r, y g R k.
 .   .  ..  .Using 60 it is obvious that if x t , y t is a solution of 1 such that
 .57 holds then we have
qsup T t , x t , y t , t g R - ` .  . 4 .2
yresp. sup T t , x t , y t , t g R - ` . 71 .  .  . 4 . .2
w x  .  .Therefore from Proposition 4 of 7, p. 245 and 71 we obtain 58 . This
completes the proof of the proposition.
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